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Abstract 
Aiming at the cylinder grouting manner, according to the character of complex function, and based on the natural boundary element theory and 
Fourier series method, interaction problems of multiple holes grouting with arbitrary forms of hole-sitting are investigated for osmotic grouting. 
Considering the wall of the vertical shaft as impermeable stratum, the seepage pressure solution of exterior vertical shaft is deduced. The serum 
pressure distribution and relationships between serum pressure and consolidating distance are obtained. The results show that the grouting 
pressure of the shaft wall will increase while the radius of hole-sitting is small, and accordingly, the shaft wall will suffer from bad influence; 
the stratum can not be consolidated well if the radius of hole-sitting is large; when the consolidating width keeps the same, there is an optimal 
consolidating distance and the relative consolidating distance will be 2~4. 
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1. Introduction 
Shaft lining fractures often occurred in coal mine areas, which is a serious threat to the safety of mine production and may 
cause heavy economic losses. Grouting is a fundamental method to prevent and treat Shaft lining fractures[1]. The research and 
application of grouting technique started in 1950s, relatively late. For 50 odd years of reform and development, the grouting 
technique has developed greatly especially in the creation of cement grouting material. On the whole, the research of current 
grouting theory[2-4], particularly the osmotic grouting theory, is in great contrast with the rapid development of grouting 
material, grouting technology and grouting equipment. The study of interaction problems of multiple holes grouting with 
arbitrary forms of hole-sitting for osmotic grouting has been ignored for a long time. The former Soviet Union[5] did 
experiments on the parameters of serum diffusion in the layer of silver sand on the condition that the grouting pressure was 
constant, and the relationship among the grouting pressure, serum flow rate, seepage velocity, grouting time and radius of serum 
diffusion was investigated. Miao[6] investigated the influence scope of grouting, pressure distribution, trends of intensity 
increasing and stratum raise effect. China Institute of Water Conservancy and Hydroelectric Power Research[5] developed the 
plate laboratory table of grouting and established the diffusion equation of Newtonian fluid flowing in a smooth horizontal crack 
by experiments. The relationships among grouting pressure, serum viscosity, grouting time and diffusion radius have also been 
found. Amadei[7] investigated the flow phenomena of Bingham fluid flowing in cracks. Zou[8-10] described the formula for 
computing the beginning grouting pressure caused by crack grouting and the high stresses caused by compression grouting. The 
fracture width in soil formed by fracturing grouting is evenly distributed; additionally, the attenuation law of pressure and the 
fracture pervasion along the penetrating radius direction are deduced. Generally speaking, the current designs of grouting are 
mostly based on the engineering practice, rather than the research of grouting theory. In this paper, aiming at the cylinder 
grouting manner, according to the character of the function of complex variable and Fourier series method, the seepage pressure 
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 solution of exterior vertical shaft is deduced based on Darcy’s law with source or sink. Then, the serum pressure distribution and 
relationships between serum pressure and consolidating distance are studied to provide theoretical basis for the grouting design. 
2. Differential equations of seepage flow for multiple holes grouting 
In order to facilitate the study of multiple holes grouting problems, the following assumptions are adopted: (1) ignore mutual 
influence between the grouting serum and the grouted medium and Neglect the change of rheological properties for serum and 
the influence of groundwater flow; (2) since the shaft is the center of the design of grouting holes and the stratum and aquifer are 
horizontal distributed, the consolidating problem at a certain depth is studied, which belongs to plane problems; (3) serum is 
Newtonian flow，the infiltration of which in a soil satisfies with the Darcy’s law. 
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Fig. 1. Distribution of grouting holes 
Considering an exterior region of the shaft as shown in Figure 1, the radius of which is R. Grouting holes are arranged in two 
rows, the radius of internal row is r1 and the number of grouting holes is n1; the radius of external row is r2 and the number of 
grouting holes is n2. The seepage equation in the region is: 
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where, H is the serum pressure, 
n
∂
∂
is the directional derivative along the external normal line, if considering the wall of the 
vertical shaft as impermeable stratum, then 0h
n Γ
∂
=
∂
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µθ θ θ− −= − − . And where µ  is the 
dynamic viscosity, ( , )r θ is the point coordinate, K is the Penetration, q is the grouting strength, 1 11 k kr r
r
θ θ− −− −  represents 
singular function, ( , )k kr θ is the position of grouting holes. According to the character of δ function, we can obtain that 
( , )Q r q
K
µθ =  in the position of grouting holes ( , )k kr θ , and ( , ) 0Q r θ =  in any other points.  
3. Theoretical analysis of the problems for multiple holes grouting  
3.1.  Natural boundary element method for the problem of seepage pressure 
Suppose that W is a special solution of equation(1), and 0W is the boundary value of W. Let h H W= − , the Poisson 
equation(1) boils down to solving the Laplace equation 2 0h∇ = . Thus the solution of equation (1) can be expressed 
as H h W= + . 
According to complex function, the real part and the imaginary part of arbitrary analytical functions are the solutions of 
harmonic function 2 0h∇ = , and the harmonic function outside the unit circle is 
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where, 0D and na  are unknown coefficients; n na a− = ， 0,1, 2,n = L . 
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Then, the boundary integral formula of the harmonic function outside the unit circle can be expressed as 
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The formula (5) can be extended to the region outside the circle with radius R  
2 2
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where, 0 ( )H p is unknown function, which represents the boundary value of radius R . 
Additionally, ( ) ( , ) ( )dW p G p p Q p p
Ω
′ ′ ′= ∫∫ is a special solution[11] for equation (1),  then the solution of this equation can be 
obtained  
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where, ( ),p r θ= , ( ),p r θ′ ′ ′= , ( , )G p p′  is the Green function, which can be expressed as 
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The directional derivative along the external normal line
n
∂
∂
is on boundary Γ , where 
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= −
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. According to Green function 
(7), thus 
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From equation(6), the first order derivative along the normal line can be obtained. Let p tend to the boundary Γ from the 
interior regionΩ , then the natural integral equation of equation(1) can be deduced 
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where, ∗  represents a convolution. As to Neumann boundary value problems, the pressure function 0 ( )H p on the boundary Γ is 
unknown, which can be resolved by equation(11) and the pressure gradient ( )nH p on the boundary Γ . 
3.2. Boundary integral formula for the problem of seepage pressure  
According to the characteristics of δ function, the third term in equation（6）and equation（11） can be obtained as 
follows 
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Then, equation(11) can be simplified as 
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Expand equation(14) into cosine series 
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where, kb is unknown coefficients, na can be expressed as 
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Substituting equation (15) and (16) into equation(14), and utilizing the convolution function of generalized function 
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Accordingly, the unknown coefficients can be resolved 
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Thus, the boundary integral formula for the problem of seepage pressure outside the shaft can be acquired 
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4.  Theoretical analysis of optimal consolidating distance 
Considering the radius is 5R = m of the shaft and the wall of the vertical shaft is impermeable, and ( / ) 0h n Γ∂ ∂ = . The exterior 
boundary shape of the shaft is arbitrary. Assume that the grouting holes are plane source and the grouting strength of every hole 
is 1 2m /s . Additionally, the initial pore water pressure is 0.88MPa, the parameter of Penetration 51 10K −= × m2, the dynamic 
viscosity 31 10µ −= × . Four grouting holes are arranged on both sides symmetrically, as shown in Figure 2. Then the relationship 
between consolidating distance and serum pressure will be studied when the consolidating width is invariable. 
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Fig. 2. Distribution of four grouting holes 
Base on the boundary integral formula (19) for the problem of seepage pressure outside the shaft, the serum pressure at 
different radius can be obtained. The serum pressure distribution is studied when the arrangement of grouting holes bR  equals 6, 
8, 10, 13, 16, 30, and 35m, respectively. The relation between the serum pressure and radius r on the line 45 °, along with the 
relation between the serum pressure and different direction on the shaft wall are shown as follows.  
 
             
Radius r/m                                                                                       Angle /rad 
Fig. 3. (a) relationship between pressure and radius;           (b) relationship between pressure and angle 
As can be seen from Figure 3, on the condition that the consolidating width is invariable, the smaller the distance from 
grouting holes to the shaft wall is, the greater the serum pressure of the shaft wall. When the consolidating distance equals to 
1~3, the impervious nature of the wall causes the serum pressure increase, and the fluctuation of grouting pressure to the shaft 
wall is serious. When the consolidating distance equals to 3~7, the impervious nature of the wall has basically no effect on the 
serum pressure, and the fluctuation of grouting pressure to the shaft wall is almost the same. The analysis shows that if the 
consolidating width is invariable and the relative consolidating distance equals to 1~2, the grouting pressure to the shaft wall will 
increase, and accordingly, the shaft wall will suffer from bad influence. When the grouting holes are far from the shaft wall, the 
consolidating distance is great and the stratum can not be consolidated well, and the shaft wall will be liable to break. When the 
consolidating width keeps the same, there is an optimal consolidating distance and the relative consolidating distance will be 
2~4. In conclusion, if the consolidating width is invariable, there is an optimal consolidating distance and it can be choose as 
2~4, which accord with the experimental results in reference [12]. 
5. Conclusions 
1) Based on the natural boundary element theory, according to the character of singular function and Fourier series method, the 
seepage pressure solution of exterior vertical shaft is deduced. Then, the serum pressure distribution and serum diffusion rule are 
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 obtained. 
2) The serum pressure is increasing observably around the grouting holes, and the fluctuation is various largely in different 
directions; the fluctuation of the serum pressure is small if the grouting holes are far from the shaft wall. 
3) When the consolidating width is invariable, there is an optimal consolidating distance and it could be selected as 2~4. 
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